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1. INTRODUCTION
The problem of controllability of linear and nonlinear systems repre-
sented by ordinary differential equations in finite-dimensional space has
been extensively studied. Several authors have extended the concept to
infinite-dimensional systems in Banach spaces with bounded operators.
 Naito 7, 8 has studied the controllability of semilinear systems whereas
 Yamamoto and Park 15 discussed the same problem for parabolic equa-
tion with uniformly bounded nonlinear term. Controllability of nonlinear
 systems in abstract spaces have been studied by Chukwu and Lenhart 3 .
   Do 4 and Zhou 16 discussed the approximate controllability for a class
 of semilinear abstract equations. Kwun et al. 5 studied the approximate
controllability for delay Volterra systems with bounded linear operators.
 Naito 9 established the controllability for nonlinear Volterra integrodif-
 ferential systems. Recently Balachandran et al. 1, 2 studied the controlla-
bility and local null controllability of Sobolev-type integrodifferential sys-
tems and functional differential systems in Banach spaces by using
Schauder’s fixed-point theorem. The purpose of this paper is to study the
controllability of functional semilinear integrodifferential systems in Ba-
nach spaces by using the Schaefer fixed-point theorem. The functional
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semilinear integrodifferential equation considered here serves as an ab-
stract formulation of partial functional integrodifferential equations which
 arise in heat flow in material with memory 6, 14 .
2. PRELIMINARIES
Consider the functional semilinear integrodifferential system
t  x t  Ax t  Bu t  f s, x ds, t J 0, b ,Ž . Ž . Ž . Ž . Ž .˙ H s 10 Ž .
 x   on r , 0 ,0
Ž .where the state x . takes values in the Banach space X and the control
Ž . 2Ž .function u . is given in L J, U , a Banach space of admissible control
functions with U as a Banach space. A is the infinitesimal generator of a
Ž .strongly continuous semigroup of bounded linear operators T t in X, B is
a bounded linear operator from U into X, and f : J  C X. Here
Ž  .C C r, 0 , X is the Banach space of all continuous functions  :
      Ž .  4r, 0  X endowed with the norm   sup   :r	 	 0 . Also
Ž  .   Ž . Ž .for x C r, b , X we have x  C for t 0, b , x   x t  fort t
  r, 0 .
 We need the following fixed point theorem due to Schaefer 13 .
SCHAEFER THEOREM. Let E be a normed linear space. Let F: E E be
a completely continuous operator, that is, it is continuous and the image of
any bounded set is contained in a compact set, and let
 4 F  x E ; x Fx for some 0  1 .Ž .
Ž .Then either  F is unbounded or F has a fixed point.
Ž .  The system 1 has a mild solution of the following form 12 :
x t  T t  0Ž . Ž . Ž .
st
 T t s Bu s  f  , x d ds, t J . 2Ž . Ž . Ž . Ž . Ž .H H 
0 0
Ž .In order to study the controllability problem of 1 we consider the
 following system as in 10, 11 :
s
 x t  Ax t   Bu t   f s, x ds, t J 0, b ,Ž . Ž . Ž . Ž . Ž .˙ H s 3Ž .0
x   .0
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Ž .Then the mild solution of 3 is given by
x t  T t  0Ž . Ž . Ž .
st
 T t s Bu s  f  , x d ds, t J .Ž . Ž . Ž . Ž .H H 
0 0
Ž .DEFINITION. The system 1 is said to be controllable on the interval J
if for every continuous initial function  C, x  X, there exists a1
2Ž . Ž . Ž . Ž .control u L J, U such that the solution x t of 1 satisfies x b  x .1
We assume the following hypothesis:
Ž .i A is the infinitesimal generator of a strongly continuous semi-
Ž .group of bounded linear operators T t in X satisfying
 tT t 	M e , t
 0 for some M 
 1 and  R .Ž . 1 1
Ž . 2Ž .ii The linear operator W from L J, U into X, defined by
b
Wu T b s Bu s ds,Ž . Ž .H
0
1 2Ž .has an invertible operator W which takes values in L J, U ker W and
   1 there exist positive constants M , M such that B 	M and W 	M .2 3 2 3
Ž . Ž .iii For each t J the function f t, . : C X is continuous and
Ž .for each x C the function f ., x : J X is strongly measurable.
Ž . 1Ž .iv For every positive integer k there exists g  L 0, b such thatk
sup f t , x 	 g t , for t J a.e.Ž . Ž .k
 x 	k
Ž .    .v There exists an integrable function m: 0, b  0, such that
 f t ,  	m t 	  , 0	 t	 b ,  C ,Ž . Ž . Ž .
 . Ž .where 	: 0,  0, is a continuous nondecreasing function.
 dsb
vi m s ds  ,Ž . Ž .ˆH H 1 s	 sŽ .0 c
  Ž .  t Ž . 4where cM  , m t max , M N, M H m s ds , andˆ1 1 1 0
sb
b  Žbs.     NM M x M e  M e m  	 x d ds .Ž . Ž .H H2 3 1 1 1 
0 0
Ž . Ž .vii T t , t 0 is compact.
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3. MAIN RESULT
Ž . Ž . Ž .THEOREM. If the hypotheses i  vii are satisfied, then the system 1 is
controllable on J.
Ž . Ž .Proof. Using the hypothesis ii for an arbitrary function x . define the
control
sb1u t W x  T b  0  T b s f  , x d ds t .Ž . Ž . Ž . Ž . Ž . Ž .H H1 
0 0
We shall now show that when using this control the operator defined by
x t  T t  0Ž . Ž . Ž .
st
 T t s Bu s  f  , x d ds, t J ,Ž . Ž . Ž . Ž .H H 
0 0
Ž .has a fixed point. This fixed point is then a solution of Eq. 2 .
Ž .Ž .Clearly Fx b  x , which means that the control u steers the system1
from the initial function  to x in time b, provided we can obtain a fixed1
point of the nonlinear operator F.
First we obtain a priori bounds for the following equation:
x t  T t  0Ž . Ž . Ž .
t 1  T t 
 BW x  T b  0Ž . Ž . Ž .H 1
0
sb
 T b s f  , x d ds 
 d
Ž . Ž . Ž .H H 
0 0
st
  T t s f  , x d ds.Ž . Ž .H H 
0 0
We have
t
 t  b     x t 	M e   T t 
 M M x M e Ž . Ž .H1 2 3 1 1
0
sb
Žbs.   M e m  	 x d ds d
Ž . Ž .H H1 
0 0
st
 t  s    M e e m  	 x d ds, t 0, b .Ž . Ž .H H1 
0 0
We consider the function  given by
 t  sup x s  r	 s	 t , 0	 t	 b. 4Ž . Ž .
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   Ž .  Ž  .    Let t  r, t be such that  t  x t . If t  0, b by the previous
inequality we have
 st t t  s  s   e  t 	M  M N e dsM e m  	 x d dsŽ . Ž . Ž .H H H1 1 1 
0 0 0
st t s  s 	M  M N e dsM e m  	   d ds.Ž . Ž .Ž .H H H1 1 1
0 0 0
   Ž .  If t  r, 0 then  t   and the previous inequality holds since
M 
 1.1
Ž .Denoting by  t the right-hand side of the above inequality we have
Ž . Ž . Ž .  t Ž .c 0 M  ,  t 	 e  t , 0	 t	 b, and1
t  t  t t M Ne M e m s 	  s dsŽ . Ž . Ž .Ž .H1 1
0
t t  t  s	M Ne M e m s 	 e  s ds.Ž . Ž .Ž .H1 1
0
We remark that
  t  t  te  t   e  t  e  tŽ . Ž . Ž .Ž .
t
 t  s	  e  t M NM m s 	 e  s dsŽ . Ž . Ž .Ž .H1 1
0
t
 t  t	  e  t M NM 	 e  t m s dsŽ . Ž . Ž .Ž .H1 1
0
 t  t	m t e  t  1	 e  t .Ž . Ž . Ž .ˆ Ž .
This implies
ds ds t bŽ .e  t 	 m s ds  , 0	 t	 b.Ž .ˆH H H1 s	 s 1 s	 sŽ . Ž .Ž . 0 0 c
Ž .This inequality implies that there is a constant K such that  t 	 K ,
  Ž .     Ž .t 0, b , and hence  t 	 K , t 0, b , x 	  t ; we havet
 x  sup x t :r	 t	 b 	 K , 4Ž .1
where K depends only on b and on the functions m and 	.
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Ž .In the second step we rewrite the problem 1 as follows. For  C,
ˆ Ž  .define  C , C  C r, b , X byb b
 t , r	 t	 0,Ž .
ˆ t Ž . ½ T t  0 , 0	 t	 b.Ž . Ž .
ˆŽ . Ž . Ž .  If x t  y t   t , t r, b , it is easy to see that y satisfies
y  00
t 1y t  T t 
 BW x  T b  0Ž . Ž . Ž . Ž .H 1
0
sb ˆ T b s f  , y   d ds 
 d
Ž . Ž .Ž .H H  
0 0
st ˆ T t s f  , y   d ds, 0	 t	 bŽ . Ž .H H  
0 0
if and only if x satisfies
x t  T t  0Ž . Ž . Ž .
t 1 T t 
 BW x  T b  0Ž . Ž . Ž .H 1
0
sb
 T b s f  , x d ds 
 d
Ž . Ž . Ž .H H 
0 0
st
 T t s f  , x d dsŽ . Ž .H H 
0 0
and x  .0
0  4 0 0Define C  y C : y  0 and F: C  C byb b 0 b b
0, r	 t	 0
t 1T t 
 BW x  T b  0Ž . Ž . Ž .H 1
0 sbFy t Ž . Ž . ˆ T b s f  , y   d ds 
 d
Ž . Ž .Ž .H H  
0 0
st ˆ T t s f  , y   d ds, 0	 t	 b.Ž . Ž .H H  
0 0
It will now be shown that F is a completely continuous operator.
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 0   4Let B  y C : y 	 k for some k
 1. We first show that F1k b
 maps B into an equicontinuous family. Let y B and t , t  0, b .k k 1 2
Then, if 0 t  t 	 b,1 2
Fy t  Fy tŽ . Ž . Ž . Ž .1 2
t1 1	 T t  
  T t  
 BW x  T b  0Ž . Ž . Ž . Ž .H 1 2 1
0
sb ˆ T b s f  , y   d ds 
 d
Ž . Ž .Ž .H H  
0 0
t2 1 T t  
 BW x  T b  0Ž . Ž . Ž .H 2 1
t1
sb ˆ T b s f  , y   d ds 
 d
Ž . Ž .Ž .H H  
0 0
st1 ˆ T t  s  T t  s f  , y   d dsŽ . Ž . Ž .H H1 2  
0 0
st2 ˆ T t  s f  , y   d dsŽ . Ž .H H2  
t 01
t1 b   	 T t  
  T t  
 M M x M e Ž . Ž .H 1 2 2 3 1 1
0
sb
Žbs.
M e g  d ds d
Ž .H H1 k
0 0
t2 b    T t  
 M M x M e Ž .H 2 2 3 1 1
t1
sb
Žbs.
M e g  d ds d
Ž .H H1 k
0 0
st1
 T t  s  T t  s g  d dsŽ . Ž . Ž .H H1 2 k
0 0
st2
 T t  s g  d ds,Ž . Ž .H H2 k
t 01
 ˆ where k  k  . The right hand side is independent of y B andk
Ž .tends to zero as t  t  0, since the compactness of T t for t 02 1
implies the continuity in the uniform operator topology.
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Thus F maps B into an equicontinuous family of functions.k
Notice that we considered here only the case 0 t  t , since the other1 2
cases t  t  0 or t  0 t are very simple.1 2 1 2
It is easy to see that the family B is uniformly bounded. Next, we showk
FB is compact. Since we have shown FB is equicontinuous collection, itk k
suffices by the ArzelaAscoli theorem to show that F maps B into ak
precompact set in X.
Let 0 t	 b be fixed and let  be a real number satisfying 0  t.
For y B we definek
t 1F y t  T t 
 BW x  T b  0Ž . Ž . Ž . Ž . Ž .H 1
0
sb ˆ T b s f  , y   d ds 
 d
Ž . Ž .Ž .H H  
0 0
st ˆ T t s f  , y   d dsŽ . Ž .H H  
0 0
t 1 T  T t 
  BW x  T b  0Ž . Ž . Ž . Ž .H 1
0
sb ˆ T b s f  , y   d ds 
 d
Ž . Ž .Ž .H H  
0 0
st ˆ T  T t s  f  , y   d ds.Ž . Ž . Ž .H H  
0 0
Ž . Ž . Ž .Ž . 4Since T t is a compact operator, the set Y t  F y t : y B is  k
precompact in X for every  , 0  t. Moreover, for every y B wek
have
Fy t  F y tŽ . Ž . Ž . Ž .
t 1	 T t 
 BW x  T b  0Ž . Ž . Ž .H 1
t
sb ˆ T b s f  , y   d ds 
 d
Ž . Ž .Ž .H H  
0 0
st ˆ T t s f  , y   d dsŽ . Ž .H H  
t 0
t
b   	 T t 
 M M x M e Ž .H 2 3 1 1
t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sb
Žbs.
M e g  d ds d
Ž .H H1 k
0 0
st
 T t s g  d ds.Ž . Ž .H H k
t 0
Ž .Ž .Therefore there are precompact sets arbitrarily close to the set Fy t : x
4 Ž .Ž . 4 B . Hence the set Fy t : y B is precompact in X.k k
0 0  4 0It remains to show that F: C  C is continuous. Let y  C withb b n 0 b
0  Ž . y  y in C . Then there is an integer r such that y t 	 r for all n andn b n
ˆ ˆŽ . Ž Ž . . Ž Ž . .t J, so y  B and y B . By iii f t, y t    f t, y t   forn r r n t t
ˆ ˆ  Ž Ž . . Ž Ž . .  Ž .each t J and since f t, y t    f t, y t   	 2 g t , r  rn t t r
ˆ  we have by the dominated convergence theorem
 Fy  Fyn
t 1 sup T t 
 BWŽ .H
0tJ
b
 T b sŽ .H
0
s
ˆ ˆ f  , y     f  , y    d ds 
 d
Ž . Ž . Ž .Ž . Ž .H n  
0
t
 T t sŽ .H
0
s
ˆ ˆ f  , y     f  , y    d dsŽ . Ž .Ž . Ž .H n  
0
b
	 T t 
 M MŽ .H 2 3
0
b
Žbs. M eH1
0

s
ˆ ˆf  , y     f  , y    d ds d
Ž . Ž .Ž . Ž .H n  
0
sb ˆ T t s f  , y   Ž . Ž .Ž .H H n 
0 0
ˆf  , y    d ds 0 as n .Ž .Ž .
Thus F is continuous. This completes the proof that F is completely
continuous.
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Ž .  0 Ž .4Finally the set  F  y C : y Fy,  0, 1 is bounded, sinceb
ˆŽ .for every solution y in  F the function x y  is a mild solution of
Ž .  3 , for which we have proved that x 	 K and hence1
ˆ   y 	 K  .1
Consequently by Schaefer’s theorem the operator F has a fixed point in
0 Ž .C . This means that any fixed point of F is a mild solution of 1 on Jb
Ž .Ž . Ž . Ž .satisfying Fx t  x t . Thus the system 1 is controllable on J.
4. EXAMPLE
Consider the partial functional integrodifferential system of the form
t
z y , t  z y , t  u t  p s, z y , s r ds,Ž . Ž . Ž . Ž .Ž .Ht y y
0
 0 y  1, t J 0, b 4Ž .
z 0, t  z 1, t  0, t 0,Ž . Ž .
z y , t   y , t , r	 t	 0,Ž . Ž .
2Ž . 1Ž . where  is continuous and u L J, U with U J and X L 0, 1 , R .
Ž .Ž . Ž Ž ..Let f t, w y  p t, w t y , 0 y  1, and let A: X X be de-t
 Ž .  fined by Aw w with domain D A  w X, w, w are absolutely
 Ž . Ž . 4continuous, w  X, w 0  w 1  0 .
Then

2Aw  n w , w w , wD AŽ . Ž .Ý n n
n1
'Ž .where w s  2 sin ns, n 1, 2, 3, . . . , is the orthogonal set of eigenvec-n
tors of A. It is well known that A is the infinitesimal generator of an
Ž .analytic semigroup T t , t
 0 in X and is given by

2T t w exp n t w , w w , w X ,Ž . Ž . Ž .Ý n n
n1
Ž . Ž .where T t satisfies the hypothesis i and since the analytic semigroup
Ž . Ž .T t is compact, it also satisfies vii .
Assume that there exists an invertible operator W1 that takes values in
2Ž .L J, U ker W such that
b
Wu T b s Bu s ds.Ž . Ž .H
0
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Further, the function p: J  R R is continuous, bounded, and strongly
measurable such that
 p t , w t y 	 l t 	 w ,Ž . Ž . Ž .Ž .
 . Ž .where l: J R is continuous and 	: 0,  0, is continuous and
nondecreasing. Further, all the conditions of the above theorem are
Ž .satisfied. Hence the system 4 is controllable on J.
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